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4 Fate of k⊥-factorization for hard processes in nuclear environment
N.N. Nikolaev, Institut f. Kernphysik, Forschungszentrum Ju¨lich, 52425 Ju¨lich, Germany
and L.D.Landau Institute for Theoretical Physics, 142432 Chernogolovka, Russia
Large thickness of heavy nuclei brings in a new scale into the pQCD description of hard processes in nuclear
environment. The familiar linear k⊥-factorization breaks down and must be replaced by a new concept of the
nonlinear k⊥-factorization introduced in [1]. I demonstrate the salient features of nonlinear k⊥-factorization on
an example of hard dijet production in DIS off heavy nuclei. I also discuss briefly the non-linear BFKL evolution
for gluon density of nuclei.
1. INTRODUCTION
The linear k⊥-factorization is part and parcel
of the pQCD description of high energy hard pro-
cesses off free nucleons. A large thickness of a
target nucleus introduces a new scale - the so-
called saturation scale Q2A, - which breaks the
linear k⊥-factorization theorems for hard scatter-
ing in nuclear environment. This property can be
linked to the unitarity constraints for the colour
dipole-nucleus interaction. In this talk I review
the recent work by the ITEP-Ju¨lich-Landau col-
laboration in which a new concept of the nonlin-
ear k⊥-factorization has been introduced [1,2,3,4]
and illustrate the major results on an example of
dijet production in DIS off heavy nuclei.
2. k⊥-FACTORIZATION FOR DIS OFF
FREE NUCLEONS
The parton-fusion approach to shadowing in-
troduced in 1975 [5] is equivalent to the unita-
rization on the colour dipole-nucleus interaction
[6]. One starts with the colour-dipole factoriza-
tion for DIS at small x ∼< xA = 1/RAmN , when
the coherency over the thickness of the nucleus
holds for the qq¯ Fock states of the virtual photon:
σT (x,Q
2) = 〈γ∗|σ(x, r)|γ∗〉
=
∫ 1
0
dz
∫
d2rΨ∗γ∗(z, r)σ(x, r)Ψγ∗(z, r) .
Here z and (1−z) is the energy partition between
q & q¯ and r = size of the colour dipole. There
is an equivalence between colour dipole and k⊥-
factorization [6,7,8]:
σ(x, r) = αS(r)
∫
d2κ4pi[1− eiκr]
Ncκ4
·
∂GN
∂ log κ2
,
f(x,κ) =
4pi
Ncσ0(x)
·
1
κ4
·
∂GN (x,κ)
∂ log κ2
.
The x-dependence of σ(x, r) is governed by the
colour dipole BFKL equation [9]. The uninte-
grated gluon density f(x,κ) furnishes a universal
description of F2p(x,Q
2) and of the final states.
For instance, the linear k⊥-factorization for for-
ward dijet cross section reads
dσN
dzd2p+d2∆
= ·
αS(p
2)
2(2pi)2
f(x,∆)
× |Ψ(z,p+)−Ψ(z,p+ −∆)|
2
, (1)
where ∆ = p+ + p−is the jet-jet decorrelation
momentum.
3. COLLECTIVE NUCLEAR GLUE
The colour dipole-nucleus cross-section [6]
σA(r) = 2
∫
d2b[1− exp(−
1
2
σ(r)T (b))]
defines the collective nuclear glue per unit area
in the impact parameter space, φ(b,κ) [10,1]:
ΓA(b, r) = [1− exp(−
1
2
σ(r)T (b))]
=
∫
d2κφ(b,κ){1− exp[iκr]} . (2)
1
2N N
γ*
g
p
NN
p
a) b)
p
AAA
c)
AA
p
d)
Figure 1. The typical unitarity cuts and dijet
final states in DIS : (a),(b) - free-nucleon target,
(c) - coherent diffractive DIS off a nucleus, (d) -
truly inelastic DIS with multiple colour excitation
of the nucleus.
A useful expansion is
φ(b,κ) =
∞∑
j=1
wj(b)f
(j)(κ) ,
wj(b) =
1
j!
[
1
2
T (b)
]j
exp [−νA(b)] ,
where νA(b) =
1
2σ0(x)T (b) with σ0(x) =
σ(x, r)
∣∣
r→∞
and T (b) being the optical the thick-
ness of a nucleus measures the opacity of a nucleus
to large dipoles, wj is the probability to find j
overlapping nucleons at impact parameter b in a
Lorentz-contracted nucleus and f (j)is a collective
glue of j overlapping nucleons:
f (j)(κ) =
∫ j∏
i
d2κif(κi)δ(κ−
j∑
i
κi).
The plateau at small momenta of gluons,
φ(b,κ) ≈
1
pi
Q2A(b)
(κ2 +Q2A(b))
2
,
Q2A(b, x) ≈
4pi2
Nc
αS(Q
2
A)G(x,Q
2
A)T (b) , (3)
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Figure 2. Unitarity diagram for the dijet spec-
trum in terms of the 4-parton scattering ampli-
tude.
is a signal of the saturation effect. The collective
nuclear glue furnishes the linear k⊥-factorization
representation for DIS off nuclei,
σγ∗A =
∫
d2b〈γ∗|2{1− exp[−
1
2
σ(r)T (b)]}|γ∗〉
=
∫
d2b
∫
d2p
(2pi)2
αS(p
2)
×
∫
d2κφ(κ)(Ψ(z,p)−Ψ(z,p− κ))2 (4)
which is exactly the same as for the nucleon tar-
get, subject to f(κ)⇐⇒φ(κ).
4. NON-ABELIAN INTRANUCLEAR
EVOLUTION OF COLOUR DIPOLES
The two typical final states in DIS off heavy nu-
cleus are shown in fig. 1. The coherent diffraction
with large rapidity gap between the target nu-
cleus in the ground state and diffractive hadronic
debris of the photon makes ≈ 50% of the total
cross section [11] and gives exactly back-to-back
correlated dijets. In the truly inelastic DIS with
multiple colour excitation of the nucleus one en-
counters the non-Abelian intranuclear evolution
of colour dipoles, the consistent description of
which based on the ideas from [12,13] is found
in [1] . Specifically, the ab initio calculation of
the nuclear distortion of the two-parton density
matrix the Fourier transform of which gives the
spectrum of dijets, can be reduced, upon the clo-
sure over nuclear excitations, to the problem of
intranuclear propagation of the colour-singlet 4-
parton states as illustrated in fig. 2:
3dσin
dzd2p+d2p−
=
1
(2pi)4
∫
d2b+
′d2b−
′d2b+d
2b−
× exp[−ip+(b+ − b+
′)− ip−(b− − b−
′)]
Ψ∗(Q2, z,b+
′ − b−
′)Ψ(Q2, z,b+ − b−)
×
{
S4A(b+
′, ...,b−)− S
(Diffr)
4A (b+
′, ...,b−)
}
,
where we subtracted the diffractive contribution.
To the standard dilute-gas nucleus approxima-
tion, the Glauber-Gribov theory gives
S4A(b+
′, ...,b−) = exp{−
1
2
σ4(b+
′, ...,b−)T (b)} .
where σ4 is the coupled-channel operator in the
space of singlet-singlet |11〉 or octet-octet |88〉
4-body dipoles, see ref. [1] for more details.
5. THE FATE OF k⊥-FACTORIZATION
FOR NUCLEAR TARGETS
The single-quark spectrum in DIS exhibits the
Abelianization property. Namely, the truly in-
elastic,
dσin
d2bd2pdz
=
1
(2pi)2
×
{∫
d2κφ(κ) |Ψ(z,p)−Ψ(z,p− κ)|
2
−
∣∣∣
∫
d2κφ(κ)(Ψ(z,p)−Ψ(z,p− κ))
∣∣∣2} (5)
and coherent diffractive
dσD
d2bd2pdz
=
1
(2pi)2
×
∣∣∣∣
∫
d2κφ(κ)(Ψ(z,p)−Ψ(z,p− κ))
∣∣∣∣
2
. (6)
spectra add to precisely eq. 4. I.e., the linear
k⊥-factorization in terms of the collective nuclear
glue holds, which is a feature of DIS where the
photon is a colour singlet projectile. The same is
not true for other projectiles, see Scha¨fer’s talk at
this conference [14].
The nuclear dijet spectrum takes a simple form
in the large-Nc approximation:
dσin
d2bdzdp−d∆
=
1
2(2pi)2
αSσ0T (b)
∫ 1
0
dβ
q
qγ∗
∗γ
q
q
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Figure 3. The colour excitation of the dipole in
the large-Nc approximation.
∫
d2κ3d
2
κf(κ)Φ(βνA(b),∆ − κ3 − κ) (7)
Φ(βνA(b),κ3)
∣∣∣
∫
d2κ1Φ((1 − β)νA(b),κ1){
Ψ(z,p− + κ1 + κ3)−
−Ψ(z,p− + κ1 + κ3 + κ)
}∣∣∣2 .
It is a manifestly nonlinear functional of the col-
lective nuclear glue and here emerges a concept of
the nonlinear k⊥- factorization. The slice (1− β)
in which the dipole was in the colour-singlet state
gives the Initial State Interaction (distortion of
the WF) The slice β in which the dipole is in the
colour-octet state gives the Final State Interac-
tion. In DIS it looks as an independent broaden-
ing of the quark and antiquark jets, such a sym-
metric form no longer holds for pQCD subpro-
cesses of relevance to pA collisions as the inter-
play of ISI and FSI becomes more involved; still
the generic structure of the spectra is similar to
(8) [4].
For hard dijets, |p±|
2
∼> Q
2
A, the dijet spectrum
take the convolution form:
dσin
d2bdzd2p+d2∆
= T (b)×
∫
d2κ
∫ 1
0
dβ
×Φ(2βλcνA(b),∆− κ)
dσN
dzd2p+d2κ
. (8)
4where
Φ(νA(b),κ) = exp(−νA(b))δ
(2)(κ) +φ(νA(b),κ)
and λc ≡ CA/2CF . The convolution form (8)
makes the nuclear enhancement of decorrelation
obvious one. Semihard dijets, |p±|
2
∼< Q
2
A, are
completely decorrelated.
The work on applications to the centrality de-
pendence of single-jet spectra to dijet decorrela-
tions at RHIC [15,16] is in progress.
6. SMALL-x EVOLUTION OF COLLEC-
TIVE NUCLEAR GLUE.
Despite the manifest breaking of the linear k⊥-
factorization, the collective nuclear glue remains a
useful concept. For a free nucleon target the effect
of the qq¯g and higher Fock states in the photon
is reabsorbed in the linear BFKL evolution for
the dipole cross section with the photon treated
as the qq¯ state. One possible definition of the
nonlinear BFKL evolution for nuclear glue is to
insist on the same representation for nuclear cross
section. It is indeed possible although without a
closed-form evolution equation.
We comment here on first correction ∝ log 1
x
to
the nuclear profile function and nuclear collective
glue. The correction δΓA(x,b, r) to the colour
dipole-nucleus profile function for the qq¯g Fock
state in the photon equals
∫
d2b
∂δΓA(x,b, r)
∂ log 1
x
= K0
∫
d2ρ
r2
ρ2(ρ− r)2
×2
∫
d2b[Γ3A(b,ρ, r)− ΓA(b, r)] (9)
Γ3A(b,ρ, r) = 1− S3A(b,ρ, r)
= 1− exp[−
1
2
σ3(ρ, r)T (b)]
where σ3(ρ, r) is the 3-parton cross section [8].
A simplified Glauber-Gribov formula holds at
large-Nc, S3A(b,ρ, r) = S2A(b,ρ − r)S2A(b,ρ).
Here ∂δΓA(x,b, r)/∂ log
1
x
is a nonlinear func-
tional of Γ2A, the identification of ΓA(x,b, r)
with Γ2A(x,b, r), and the extension of the first
iteration to what has become known as the
closed-form Balitsky-Kovchegov nonlinear equa-
tion [17] is unwarranted. In terms of the nu-
clear transparency for large dipoles, SA(b, σ0) =
exp[− 12σ0T (b)], the first correction to the unin-
tegrated nuclear glue takes the form
∂δφA(x,b,∆)
∂ log 1
x
= SA(b, σ0)KBFKL ⊗ φ(b,∆)
+K0
∫
d2pd2kφ(b,k)
{
K(∆+ p,∆+ k)φ(b,p)
−K(p,p+∆+ k)φ(b,∆)
}
= SA(b, σ0)KBFKL ⊗ φ(b,∆) +
+KNonLin
[
φ(b,∆)
]
(10)
where K(p,k) = (p − k)2/p2k2. It contains an
absorption suppressed linear BFKL term with the
familiar kernel KBFKL [18]. For central DIS off
heavy nuclei SA → 0 and evolution is entirely
driven by the nonlinear term quadratic in φ(k).
Making use of an explicit form of K(p,k), one
can recast (10) for the leading conformal twist
nuclear glue in an alternative form
∂δφA(x,b,∆)
∂ log(1/x)
= KBFKL ⊗ φ(b,∆) +Q[φ](b,∆) . (11)
Here the linear term evolves with the conventional
BFKL kernel, whereas the nonlinear term takes a
particularly simple form
Q[φ](b,∆) = −
2K0
∆2
[ ∫
∆2
d2qφ(b,q)
]2
−2K0φ(b,∆)
∫
∆2
d2p
p2
∫
p2
d2qφ(b,q).
For hard gluons, ∆2 > Q2A, one can use an ap-
proximation φ(q) ∼ φ(∆)
(
∆2/q2
)2
with the re-
sult
Q[φ](∆;b) ≈ −4K0 ·∆
2φ2(∆) ∝
φ(∆)
∆2
.
The nonlinear component in (11) gives a pure
higher twist contribution. It doesn’t exhaust the
nuclear higher twist terms, though, because the
one is contained also in φ(x,∆;b), see the dis-
cussion in [1,10]. The character of nonlinearity in
terms of GA(b, x,Q) is instructive:
∂2δGA(b, x,Q)
∂ log(1/x)∂ logQ2
= KBFKL ⊗
∂GA(b, x,Q)
∂ logQ2
5−
4αS(Q
2)T (b)
Q2
·
(
∂GA(b, x,Q)
∂ logQ2
)2
Now have a look at the plateau region of soft
gluons , ∆2 ≪ Q2A. Here eq. (10) takes the form
∂δφA(x,b,∆)
∂ log 1
x
= −2CpiK0φ(x,b, 0) (12)
where the constant factor, C ∼ 1, depends on the
form of the collective nuclear glue. If we recall
that
φ(x,b, 0) ∼
1
piQ2A(b, x)
then (12) entails an expansion of the plateau
width with the decrease of x:
Q2A(b) =⇒ Q
2
A(b)
[
1 + 2CpiK0 log
1
x
]
The full-fledged nonlinear evolution will be in ef-
fect for soft-to-hard gluon momenta ∆2 ∼
< Q2A.
7. CONCLUSIONS
Nuclear saturation is a straightforward conse-
quence of opacity of heavy nuclei to large colour
dipoles. The imposition of unitarity constraints
within the colour-dipole approach leads to a
unique definition and expansion of nuclear un-
integrated glue in terms of the collective glue of
overlapping nucleons . The problem of a non-
abelian intranuclear evolution of colour dipoles
has been solved and consistent description of
single-jet and dijet production in DIS off nu-
clei has been developed. We have proven the
breaking k⊥ factorization and instead formulated
the nonlinear k⊥-factorization for forward di-
jet production in DIS. The formalism is readily
extendible to proton-nucleus collision in the kine-
matic conditions of the RHIC experiments, the
corresponding work is in progress. We applied
our technique to the nonlinear BFKL evolution
of collective nuclear glue and explored the twist
properties of the nonlinear component of this
equation. The work an applications to jet pro-
duction in pA collisions at RHIC is in progress.
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